The boundary properties are investigated for the generalized Poisson integral
Introduction and statement of results
In their well-known paper [1] Fefferman and Stein extended the classical theory of Hardy spaces Hp on harmonic functions in the half-space Rl+X = {X = (x,x"+x): x £Rn, xn+i>0}, n>\.
In this question the Poisson integral plays an essential role. The Laplace operator A has constant coefficients; hence the Poisson integral, i.e., a normal derivative of the Green function for the half-space, depends on the difference of arguments and consequently in the harmonic case the Poisson integral is a convolution. In the same article [1] the authors considered the boundary behavior of more general convolution integrals. In the next step the problem appears to investigate the boundary behavior of nonconvolution integrals of the kind (1) u
which in this context it is natural to call the generalized Poisson integrals. If k in (1) is the Poisson kernel for the Laplacian, then the following result is known for the function (1) (see [2, Chapters 3 and 7] ). Theorem A. Let f £ V(W), 1 < p < oo, and let B(x, r) be a ball in R"
with center x and radius r, ton the volume of B(0, 1), and (Mf)(x) = supr>0(co"r")'x JB. rAf(y)\dy the maximal function. Then 1°. sup0<^+]<00 |w(*)| < (Mf)(x) Vx € W , as before, here X = (x, xn+i); 2°. lim* +l_o u(X) = f(x) for Lebesgue almost every x £ Rn ; 3°. for p<oo, limXn+1^0||"W-/W|| = 0.
Here and in the sequel || • || denotes the norm in Lp(Rn). Actually in [2] the generalization of Theorem A, particularly when the Poisson kernel is replaced by any approximate identity, was proved. In addition the statement was proved in [2] that in 1° and 2° the condition xn+x -> 0 (i.e., X -> x along the normal to the boundary R" of 1"+1) may be interchanged to the tending X -* x as X belongs to the cone ra(x0) = {X £R"++X: |x -x0| < aXn+x} , a > 0, x0 £ R" .
Our aim is to extend Theorem A on the integrals (1) where the kernel k(X, y) is defined and measurable on the Cartesian product E"+1 x R" . We investigate the boundary behavior of (1) and apply our results to the Dirichlet problem for the Schrodinger operator -A + c(X)I in the half-space, 7 being the identity operator. Now we state our results. All proofs will be given in §2. Of course this solution of problem (3) is not unique. The uniqueness is valid only with a priori growth estimates of the solution at infinity; this question will be considered elsewhere.
Demonstrations
We essentially use some ideas of Stein's book [2] .
Proof of Proposition 1. By assumption 1=1 tp(xn+x, \y-x\)dy <oo. Jr" If we introduce spherical coordinates in R" with pole x, then 7 = nco" J0°° rn~xy/(x"+x, r)dr.
The monotonicity of tp implies rntp(xn+x, r) -* 0 as r -► 0 and r -> oo. Now integration by parts leads to the equality 1 = co" J™ rnd{-ip(x"+x, r)} . Denote (see [2] )
J\t-x\=r and A(r)= / \f(y)\dy = f tn~xX(t)dt.
J\x-y\<r Jo
Then A(r) < tonrn(Mf)(x). Hence if (Mf)(x) < oc , then for 0 < x"+x < h , [J\y-x\>S J
The inequality \k(X, y)\ < 1 is valid asymptotically by virtue of the monotonicity and integrability of the majorant tp . Hence \k(X, y)|q < \k(X, y)\ asymptotically and |721|<const||/||j / \k(X,y)\dy\ -0 as%1-0.
[J\y-x\>s J
To estimate Ix we introduce the function as in [2] \f(y)-f(x) if \y-x\<8,
For every e > 0 we can choose 8 = 8(e) such that (Mg)(x) < e because x is the point of the Lebesgue set of /. Therefore Proposition 1 implies |7)| < A(Mg)(x) < Ae , where e may be arbitrarily small. Q.E.D. Finally, fi(x) ( j k(X,y)dy -1J < const||/2|| < conste. Q.E.D.
